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Linear controllable systems

x = Ax + bu(t), x € R", u:u(t)EQCRl,

x(0) =x% x(T)=x!
rank(b, Ab, . .. ,A”_lb) =n.
o Controllability.
o Stabilizability.
o Optimal control.

(1)
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Linear controllable systems

x = Ax + bu(t), x € R", u:u(t)EQCRl,

x(0) =x% x(T)=x!
rank(b, Ab, . .. ,A”_lb) =n.
o Controllability.
o Stabilizability.
o Optimal control.

(1)

General systems:
x = f(x,u).

Map to a linear one?

Feedback linea
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Linearizability of nonlinear systems

@ Nonlinear change of variables in a linear system.
Example: in the system

X1 = Xo, Xo = U,
let us set z; = x1, z = X + x3; then

2.1222—23, 2'2:3212(22—213)+u.
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Linearizability of nonlinear systems
@ Nonlinear change of variables in a linear system.
Example: in the system

X1 = X2, Xo=U,
let us set z; = x1, z = X + x3; then
2.1222—23, 22:3212(22—zf’)+u.
@ Some systems can be linearized by a change of variables
and controls.

Example: in the system

).(1 = X, )-(2 = Xl2 — X1X§’ + u,

let us set v = xZ — x;x3 + u; then

Xl = X2, ).(2 = V.
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Local linearizability in a domain

A system
x = f(x, u) (3)

is called locally linearizable in the domain Q C R” if
these exists a change of variables

z=F(x), detF(x)#0, x€Q, (4)

such that

z=Az-+ bu+ c.
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Local linearizability in a domain

A system
x = f(x, u) (3)

is called locally linearizable in the domain Q C R” if
these exists a change of variables

z=F(x), detF(x)#0, x€Q, (4)

such that

z=Az-+ bu+ c.

o If the system is linearizable then f(x, u) = a(x) + b(x)u.
o If a(x), b(x) € C=(Q) then F(x) € C(Q).
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Local linearizability in a domain

A system
x = f(x, u) (3)

is called feedback linearizable in the domain Q C R”
if there exists a change of variables and of a control

z=F(x), detF(x)#0, xeQ,
V:g(X,U), g(xaR):Rv gU(X7u)7é07

such that

(5)

z = Az + bv.
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Local linearizability in a domain
A system
x = f(x, u) (3)

is called feedback linearizable in the domain Q C R”

if there exists a change of variables and of a control
z=F(x), detF(x)#0, xeQ, (5)
v=2g(xu), &xR)=R, gux,u)#0,

such that

z = Az + bv.

o If the system is feedback linearizable then
f(x,u) = a(x) + b(x)p(x, u).
o If f(x,u) € C* then F(x) € C*, g(x,u) € C*=.

Feedback linearizability in the class
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Conditions of linearizability
o

x = a(x) + b(x)u.
Conditions of linearizability?

@ Krener, A.: On the equivalence of control systems and the
linearization of nonlinear systems. SIAM J. Control (1973)
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Conditions of linearizability
o

x = a(x) + b(x)u.
Conditions of linearizability?

@ Krener, A.: On the equivalence of control systems and the
linearization of nonlinear systems. SIAM J. Control (1973)

x = a(x) + b(x)o(x, u).
Conditions of feedback linearizability?

[ Korobov, V.1.: Controllability, stability of some nonlinear
systems. Diff. Equat. (1973)
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Triangular systems (V. I. Korobov, 1973)
Consider a system

[ x1 = filx, x)
X = hx,x,x3)
S
).(n_l = fn—l(Xh c. 7Xn)
L X = fulx, .. X0, 0).
Suppose:
o ;€ CTITI(R™Y), j=1,...,n;
o || >a>0i=1,...,n
Xi+1
Then the system (6) is feedback linearizable in @ = R”
(globally).
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Example

{)'(1 = f(x1,x) ()

xo = fh(x,x,u)
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Example

{>'<1 = fi(xi, %)
X2 = h(x,x,u)
Set #4 aef x1, then

. . o
2 = x=f(x,x) = 2,
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Example
{ x1 = f(x,x) ()
Xy = b(xi,x,u)
Set #4 aef x1, then

) . def
1 = X1 = fl(Xl,Xz) = 22,

4 (f(x,x)) =

b5

_ 0fh(xa,x) 0f (x1,%2) def
- Ox1 ﬂ(X17X2)+a—>Qf§(X1,X2,U) = V.
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Example

{)'(1 = f(x1,x) )

xo = fh(x,x,u)

def
Set z; = xq, then

. df
z1 = Xl_fl(XhXQ) = 2
2 = dt(fl(Xth))
= A e) + (e 0) F v
a = Fl(xl)le (7) 21 = Z
2 = F2(X1;X2)—f1(X17X2) = { .1 B 2
Zy =V

v = g(x,u) = afl G
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Triangular systems

[ Kovalev, A. M.: Nonlinear problems of control and observation in
the theory of dynamical systems. K.: Naukova dumka (1980)

@ Zhevnin, A. A., Krischenko, A. P.: Controllability of nonlinear
systems and synthesis of control algorithms. Dokl. AN SSSR
(1981)

[§ Sontag, D.: Feedback stabilization of nonlinear systems. Robust
Control of Linear Systems and Nonlinear Control (1990)

[@ Celikovsky, S., Nijmeijer, H.: Equivalence of nonlinear systems to
triangular form: the singular case. Systems and Control Letters

(1996)
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Conditions of linearizablity (A. Krener, 1973)
The system

x = a(x) + b(x)u, a(x),b(x) e C*(U(0))

is linearizable in @ = U(0) if and only if
o rank{ad“h(0)}72% = n;

o all Lie brackets of the vector fields ad%b(x), k > 0, at

x = 0 equal zero.

(8)
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Conditions of linearizablity (A. Krener, 1973)
The system

x = a(x) + b(x)u, a(x),b(x) € C*(U(0)) (8)
is linearizable in @ = U(0) if and only if
o rank{ad“h(0)}72% = n;

o all Lie brackets of the vector fields ad%b(x), k > 0, at
x = 0 equal zero.

ad’b(x) = b(x),
ad*tb(x) = [a(x),adXb(x)], k >0,
[a(x), b(x)] = bx(x)a(x) — ax(x)b(x).
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Conditions of linearizability

@ Brockett, R. W.: Feedback invariance for nonlinear systems. Proc.
7 World Congress IFAC, Helsinki (1978)

@ Jakubczyk, B., Respondek, W.: On linearization of control
systems. Bull. Acad. Sci. Polonaise Ser. Sci. Math. (1980)

@ Su, R.: On the linear equivalents of nonlinear systems. Systems
and Control Lett. (1982)

[@ Dayawansa, W., Boothby, W. M., Elliot, D. L.: Global state and
feedback equivalence of nonlinear systems. Systems and Control
Lett. (1985)
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Conditions of linearizability
The system

x = a(x) + b(x)u, a(x),b(x) e C*(U(0)), (9)
is linearizable in @ = U(0) if and only if
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Conditions of linearizability
The system

x = a(x) + b(x)u, a(x),b(x) e C*(U(0)), (9)

is linearizable in @ = U(0) if and only if

o rank{ad%h(0)}7_¢ = n;

o [ad%b(x),adlb(x)] =0, 0<k,j<n, xc U©).
Then z = F(x) is of the form F;(x) = L7 F;(x) where

(Fi(x))xadkb(x) =0, k=0,...,n—2,

(Fi(x))xad?'b(x) = const, x € Q.

12 / 27

Svetlana Ignatovich, Kateryna Sklyar



Conditions of linearizability
The system

x = a(x) + b(x)u, a(x),b(x) e C*(U(0)), (9)

is linearizable in @ = U(0) if and only if

o rank{ad%h(0)}7_¢ = n;

o [ad%b(x),adlb(x)] =0, 0<k,j<n, xc U©).
Then z = F(x) is of the form F;(x) = L7 F;(x) where

(Fi(x))xadkb(x) =0, k=0,...,n—2,

(Fi(x))xad?'b(x) = const, x € Q.
L.f(x) = fi(x)a(x).
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Conditions of feedback linearizability
The system

x = a(x) + b(x)o(x, u), a(x), b(x) € C*(U(0)), (10)

ou(x, u) # 0, is locally feedback linearizable in @ = U(0) if
and only if
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Conditions of feedback linearizability
The system

x = a(x) + b(x)o(x, u), a(x), b(x) € C*(U(0)), (10)

ou(x, u) # 0, is locally feedback linearizable in @ = U(0) if
and only if
o rank{adh(0)}7_¢ = n;

o [ad;b(x), ad,b(x)] = anj( x)ad}b(x).

0<k<j<n-2

13 / 27

Svetlana Ignatovich, Kateryna Sklyar



Local linearizability in the class C?

Svetlana Ignatovich, Kateryna Sklyar
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the Korobov's class of linearizable triangular systems by nonlinear
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Local linearizability in a domain in the class C!
The system

x = f(x,u), f(x,u) e CHQ xR), (11)

is called local linearizable in the domain Q C R" if
there exists a change of variables and of a control

z=F(x) € C¥Q), detF(x)#£0, x€Q, (12)

such that

z=Az+ bu+ c.

o If the system is linearizable then f(x, u) = a(x) + b(x)u where

a(x), b(x) € CY(Q).
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Local linearizability in a domain in the class C!

The system x = f(x,u), f(x,u) € CH{Q xR), (12)

is called locally feedback linearizable in the domain
@ C R" if there exists a change of variables and of a control

z=F(x) € C}(Q), detF(x)#0, xeQ,
v=g(x,u) € CH{AXR), g(x,R)=R, gux,u) (7§ (;,
13

such that z = Az + bv.

o If the system is feedback linearizable then
f(x,u) = a(x) + b(x)d(x, u) where a(x), b(x) € C1(Q),
d(x,u) € CHQ x R).
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Criterion of local linearizability in a domain
The system

x = a(x) + b(x)u, a(x),b(x) € CHQ) (14)

is locally linearizable in the domain @ if and only if

@ ad¥b(x), k =0,...,n, exist and belong to the class
2] rank{adkb(x)}k 5= XxX€EQ;

0 [ad¥b(x),ad b(x)] =0, x€ Q, 0< i, k<n.

e This is a direct generalization of conditions for systems of the
class C*.

Feedback linea
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Example. The system of the class C!

. 2 c X3 o
fo=dbel b =g %=
in the domain Q = {x e R3: x; > —\%} Then
0 0
1
b(x)=( 0 |, adib(x)= | —35perz | adib(x)=
1 0

(]
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Example. The system of the class C!

. 2 c X3 o
=l 4 fe= g s
in the domain Q = {x e R3: x; > —\%} Then
0 0
b(x)=[ 0 |, ad.b(x)=| —sgper | adib(x)=
1 0
Choose Fi(x) = x3 € C*(Q); then
Fl(X) X1
z=F(x)=| LAKX) | =] Zlx|+x
L§F1(X) X3

maps the system to the form 2z, =z, 7z, =z, 73 = u.

u,

(]
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Local feedback linearizability in the class C*

Conditions for the class C* are not sufficient.
Example 1.
X1 =xi|xi| +x, Xo=Xx35, X3=u

in @ = {x : ||x|| < d} satisfies the conditions for the class C>:

0 0 1
ad’b(x)=b(x)=| 0 |, ad.b(x)=| —1 |, ad’b(x)=| 0 |,
1 0 0

hence, [ad“b(x),ad.b(x)] =0, 0<k,i<2,
rank{b(0), ad,b(0), ad2b(0)} = 3.

However, this system cannot be mapped to a linear one by use
of a change of variables and a change of a control of the
class C!.
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Local feedback linearizability in the class C*

Condlitions for the class C* are not necessary.
Example 2.

)'<1 = X, )'(2 = X3, )'(3 = X1|X1| +X3|X3| +u

in @ = {x: ||x|| < d} is mapped to the linear systems by use of

z=F(x)=x, v=g(x,u)=xlx|+xlx|+uveC(QxR).

However,

0
ad,b(x) = -1 ,
—2|xs|

hence, ad’b(x) does not exist if x; # 0, x3 = 0.
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Local feedback linearizability in the class C*

Condlitions for the class C* are not necessary.
Example 2.

Xl = X, 5(2 = X3, 5(3 = X1|X1‘ +X3|X3| + u.

If we «correcty ad,b(x):

0 0 0
' (x) = ad,b(x)+2|x3|b(x) = -1 +2/x| | 0 | = -1
—2|X3| 1 0
then one can find the Lie bracket:

1

[a(x), x'(x)] = | 0

0
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Criterion of local feedback linearizability in a domain
The system x = a(x) + b(x)d(x, u), a,b,¢ € Clis locally
feedback linearizable in the domain @ if and only if

0 0(x)=b(x), x*(x)=la(x), 1 (x)]+ z e

exist and belong to C!(Q) where u4i(x)€eC(Q);
@ rank{x°(x),...,x"'(x)} = n;

o [*(x), ¥ (x)] = énz,(x)x'(x), 0<j<k<n2

o ng(X)Xk(x) =0, k=0,...,n-2, apx(x)x”_l(x) =+ 0,
where Llp(x) € C3(Q), i=1,...,n.
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Algorithm of finding x*(x)
o Step 0: x%(x) = b(x).
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Algorithm of finding x*(x)
o Step 0: x%(x) = b(x).
o Step k: Suppose x°(x), ..., x*1(x) € CYQ).
Find [a(x), x*1(x)] and find j14i(x) € C(Q) so that

xk(X)=[a(X),Xk‘l(X)]Jer__E_::Mkj(X)xf(X) c C(Q).

If it is possible, go to the next step.
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Algorithm of finding x*(x)
o Step 0: x%(x) = b(x).
o Step k: Suppose x°(x), ..., x*1(x) € CYQ).
Find [a(x), x*1(x)] and find j14i(x) € C(Q) so that

k—1 ,

X () =[a(x), X" (x)]+ 2% pg(x)X! (x) € CH(Q).
J:

If it is possible, go to the next step.

o Step n: Check whether there exists a solution

@X(X)Xk(x) = 07 kzO? c n_27 @X(X)Xn_l(x) 7& 07

such that Li7to(x) € C3(Q), i=1,...,n.
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Algorithm of finding x*(x)
o Step 0: x%(x) = b(x).
o Step k: Suppose x°(x), ..., x*1(x) € CYQ).
Find [a(x), x*1(x)] and find j14i(x) € C(Q) so that

k—1 ,

X () =[a(x), X" (x)]+ 2% pg(x)X! (x) € CH(Q).
J:

If it is possible, go to the next step.

o Step n: Check whether there exists a solution
P OXA(x) = 0, k=0,...,1=2, (X" 1(x) #0,
such that Li7to(x) € C3(Q), i=1,...,n.

o Change: z; = L'"1p(x), v = L7p(x) + LpL™ L(x)u.
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The algorithm is well defined:
o Uniqueness of fu4(x):

pui(x) — fug(x) € CH(Q), j=0,... . k—1.
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The algorithm is well defined:
o Uniqueness of fu4(x):

pui(x) — fug(x) € CH(Q), j=0,... . k—1.

o A method of finding pux(x) = {pi(x) Jl-(:_o1
pik(x) = —(Tk(x)) k(%)

where

{<X > fij 107
= {<[a(X),xk(X ], X () Moy

Svetlana
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The algorithm is well defined:
o Uniqueness of fu4(x):

pui(x) — fug(x) € CH(Q), j=0,... . k—1.

o A method of finding pux(x) = {pi(x) J/_<:—01:

pu(x) = —(Te(x)) u(x)
where
{<X > ﬁj 10’
(x) = {<[a<x),xk(x 1,xf<x)>}f;&

o If the k-th step failed the system is not feedback
linearizable.
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Example

X1 =X+ X%, X% =Xx3 X3=x3x3|+u

in the domain Q = {x € R®: ||x|| < d}.
o Step 0: x%(x) = b(x) = (0,0,1).

o Step 1: Since [a(x), x°(x)] = -1
—2‘X3|

X () = [a(x), X° (] + poo(x)x°(x) =

where 1go(x) = 2|x3] € C(Q).
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Example (continued)

Hence, 0 0
X)=(0], xX)=| -1
1 0
1+ 2‘X2|
o Step 2: Since [a(x), X} (x)] = 0 , for any

0
f10(x) and p11(x) we get

X2 (x)=[a(x), X" (3)]+ 220 ()X (%) + a1 ()X () £ CH(Q):

Hence, step 2 failed. Hence, the system is not feedback
linearizable.
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